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ABSTRACT 
In sparse fuzzy rule bases, conventional fuzzy reasoning methods cannot reach a 
proper conclusion. To tackle this problem, K6czy and Hirota have proposed a method 
called interpolative reasoning. It has been found that by this method the convexity of the 
reasoning consequence fuzzy set cannot always be retained. In this paper, the authors 
give a general convex condition for Kdczy and Hirota's method and, starting from this 
condition, propose an improvement to the method. Firstly, from the given rules in the 
sparse rule base is constructed a new rule which is near to the antecedent fuzzy set. 
Then the reasoning isperformed with this new rule, based on similarities of fuzzy sets in 
the antecedent and consequent parts. It is shown that the proposed method maintains 
the logical interpretation of modus ponens and guarantees the normality and convexity 
of the reasoning consequence fuzzy set in some classes of fuzzy rules. © 1996 Elsevier 
Science Inc. 
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1. INTRODUCTION 
In everyday reasoning we often use the following generalized modus 
ponens (GMP): 
antecedent 1: x is A* 
antecedent 2: if x is A then y is B (1) 
consequence: y is B* 
where A*, A, B, and B* are fuzzy sets, and x and y are linguistic 
variables. The GMP (1) reduces to modus ponens (MP) when A* = A, 
B* = B; this is a criterion for the GMP. 
In the GMP (1), antecedent 2 is referred to as a fuzzy rule and is also 
denoted as A =~ B. Antecedent 2 can also be a group of fuzzy rules or a 
fuzzy rule base. In the case of two rules, for example, the GMP can be 
interpreted as 
antecedent 1:
antecedent 2:
x is A* 
if x is A 1 then y is B 1, 
if x is A 2 then y is B 2 
consequence: y is B* 
(2) 
where A 1, A 2, B 1, and B 2 are also fuzzy sets. The GMP (2) should satisfy 
the MP criteria like the GMP (1), listed as criteria 1 and 2 in Table 1. And 
by intuition, it is also reasonable for the GMP to include criterion 3. 
Since Zadeh [1] suggested an inference rule called the compositional rule 
of inference (CRI), many different methods using CRI have been proposed 
for fuzzy reasoning. However, all the conventional fuzzy reasoning meth- 
ods are based on compact rule bases [1-4], in which the universes of 
discourse of the linguistic variables are covered completely by the rule 
base, and when an observation comes, a consequence can be derived by 
some proper rule of inference. If the fuzzy rule base is sparse, that is to 
say, the universes of discourse of the antecedent part are only partially 
covered by the rule base, then there are empty spaces between the support 
sets of the two consecutive fuzzy labels' membership functions, as illus- 
Table 1. Criteria for the GMP (2) 
Criterion 1: x is A 1, y is B 1 
Criterion 2: x is A 2, y is B 2 
Criterion 3: x is between A1 and A 2, y is between A1 and B 2 
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trated in Fig. 1, and the conventional fuzzy reasoning methods encounter 
difficulty in making fuzzy reasoning by criterion 3 of Table 1. Expressed 
more clearly, if an observation comes in the empty space of the universe of 
discourse in the antecedent part, no rule will be fired and thus no 
consequence b  derived. This problem is represented pictorially in Fig. 1. 
To perform fuzzy reasoning and reach a consequence in this case, K6czy 
and Hirota [5, 6] proposed a method called fuzzy interpolative r asoning. 
The normality and convexity of fuzzy sets are the essential requirements 
for fuzzy reasoning, but it has been found that K6czy and Hirota's (KH) 
method cannot always guarantee the convexity of the reasoning conse- 
quence fuzzy set [7]. The authors of Reference [7] have also given some 
special cases when the KH method can result in a convex reasoning 
consequence. In this paper, the authors work out a more general normal 
and convex condition for the KH method. And starting from this condition, 
the authors propose an improvement to the KH method. It can be proved 
that this proposed approach can guarantee the normality and convexity of 
the reasoning consequence fuzzy set for some classes of fuzzy rules. 
ANTECEDENT 
A 1 A* A 2 
a l  a a2 x 
CONSEQUENT 
B 1 B* ? B 2 
lol 
bl  b2 
Figure I. Fuzzy reasoning on a sparse fuzzy rule base. 
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2. KOCZY AND HIROTA'S INTERPOLATIVE REASONING AND 
THE CONVEX CONDITION 
In this section the KH interpolative reasoning method in sparse fuzzy 
rule bases is reviewed briefly and a general normal and convex condition 
for the KH method is given. 
DEFINITION 1 A and G are fuzzy sets on the universe of discourse X,  
IxI < ~, and the lower distance and the upper distance between a-cut sets 
A .  and G. are defined as [5, 6] 
dL(A,,,  G.) = d(inf{A:}, inf{G.}), (3) 
d v (A , ,  G, ) = d(sup{ A s }, sup{G~ }), (4) 
respectively, where a ~ [0, 1], and d( s, t) is the Euclidean distance between 
s and t. Figure 2 illustrates the a-cut sets A~ and G~ and their distances. 
DEFINITION 2 The core of a fuzzy set A is defined as the a-cut set A~ 
when a = 1. Then midpoint of the core of A is denoted as mcor{A} (see 
Fig. 2). 
DEFINITION 3 A fuzzy rule A =~ B is said to be normal and convex if both 
fuzzy sets A and B are normal and convex. 
DEFINITION 4 Let  A 1 ~ B 1, A 2 ~ B 2 be two unequal normal and con- 
vex fuzzy rules. X is the universe of discourse of fuzzy sets A 1 and A 2, and Y 
is the universe of discourse of fuzzy sets B 1 and B 2. Assume a normal and 
convex fuzzy set A* to be the observation of the antecedent universe of 
discourse X,  where mcor{A 1} < mcor{A*} < mcor{A2}, and B* on the 
universe of discourse Y be the consequence of A*. The KH interpolative 
A G 
1 
inf{A~ rncore(A) sup(A~ inf[Ga} moore(G) sU~Ga} 
, j , I 
dL(A., C~ ) du(A~, Gi= ) 
Figure 2. Illustration of a-cut sets A~ and G,, and their distances. 
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reasoning [5, 6] is defined as 
dE(A*, A~) at(B*, B~) 
dE(A. ' A 2) . 2 , dL(B~ , B~ ) 
du( A* , A l) du( B*, B2 ) 
du( A.  ' A2 ) , 2 du(B~, Be) 
'Ca ~ [0, 1]. 
From Equations (3) and (4), it follows that (see Fig. 3) 
dL(A*, A~) + dL(A*,A 2) = dL(A 2,A~), 
dE(B*, B~ t ) = d(inf{ B* }, inf{ B~ }) = inf{ B* } - inf{ B~ }, 
dr(B 2 , B~ ) = d(inf{ B~ 2}, inf{ B 1 }) = inf{ B 2 } - inf{ B 1 }. 
(5) 
(6) 
ANTECEDENT 
A 1 A* A 2 
1 
-4  0 4 8 10 14 20 24 x 
CONSEQUENT 
B 1 B* B 2 
1 
-2  0 4 1011 14 17.5 20 24 y 
Figure 3. Example where the KH reasoning produces a nonconvex consequent 
fuzzy set. 
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Applying these results, Equation (5) can be rewritten as 
dL(A*, A 2 ) 
d~(A*,A~) inf{B2 } + inf{B1}, (7) 
inf(B*) = dL( A2, A~ ) dL( A 2, A~ ) 
and in the same manner, Equation (6) can be rewritten as 
dv( A*, A~ ) du( A*, A 2) 
sup(B*) du(A 2, A~) sup{B2} + du(A 2, A~) sup{B~}. (8) 
Thus B* is formed by inf(B*) and sup(B*). And from B* the conse- 
quent fuzzy set B* can be reconstructed bythe representation principle of 
fuzzy set: 
B* = [,.J aB*.  
a~[0,1] 
Generally speaking, the KH reasoning cannot always guarantee the 
convexity of the consequent fuzzy set B* even if the given rules and A* 
are all normal and convex. Figure 3 gives an example where the rules and 
the antecedent fuzzy sets A* are all normal and convex triangular and the 
KH reasoning produces a nonconvex consequent fuzzy set B*. The authors 
of Reference [7] have given some special cases when the KH method can 
result in a convex consequence. A more general normal and convex 
condition for the KH method will be given below. 
DEFINITION 5 The product of a fuzzy set A and a nonnegative scalar k is a 
fuzzy set denoted by B = kA which satisfies 
B. = kA. '¢a ~ [0, 1], k >__ 0, (9) 
or in more detail 
inf{B.} = k inf{A.}, (10) 
sup{B.} = k sup{A.}. (11) 
is normal and convex, kA (k _> 0) is also normal and 
or in more detail 
inf{C.} = inf{B.} + inf{A.}, 
sup(C.} = sup{B.} + sup{A.}. 
(13) 
(14) 
Obviously, if A 
convex. 
DEFINITION 6 The sum of two fuzzy sets A and B is a fuzzy set denoted by 
C = A + B which satisfies 
C,~ = A. + B. Va ~ [0, 1], (12) 
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Obviously, if A and B are normal and convex, A + B is also normal 
and convex. 
THEOREM 1 Given two unequal normal and convex fuzzy rules A 1 =, B 1 
and A 2 =* B 2, the consequent fuzzy set B* derived from the antecedent 
fuzzy set A* by KH reasoning is normal and convex if A* satisfies the 
following conditions: 
A* = /3A 2 + (1 - /3)A 1, /3 ~ [0, 1], (15) 
and B* is given by 
B* =/3B 2 + (1 - /3 )B  1, /3 ~ [0, 1]. (16) 
Proof By Definitions 5 and 6, Equation (15) implies that 
inf{A*} = /3 inf{A 2} + (1 - /3)inf{Ai}, (17) 
sup{A*} -- /3 sup{A ]} + (1 - /3) sup{Am}, (18) 
where a ~ [0, 1], /3 ~ [0, 1]. Then by definition of distance given by (3) and 
(4), it follows that 
dL(A*, A 1) inf{A*} - inf{A~} 
dL(A ~ , A 1) inf{A ] } - inf{A~} 
/3 inf{A 2} + (1 - /3 )  inf{A 1} - inf{A~} 
= =/3,  (19) 
inf{A~} - inf{a~} 
dL(A*, A ] )  inf{A]} - inf{A*} 
dL(A ] , A~) inf{A 2} - inf{A~} 
inf{A2~} - /3  inf{A]} - (1 - /3)inf{A 1} 
= = 1- /3 .  (20)  
inf{A 2} - inf{A1 } 
Substituting (19) and (20) into (7) gives 
inf{B*} =/3 inf{B 2} + (1 - /3)inf{B1}, (21) 
and similarly, 
sup{B*} =/3 sup{B 21 + (1 - /3)sup{Oil. (22) 
Equations (21) and (22) imply Equation (16). Since B 1 and B z are 
normal and convex, and /3 ~ [0, 1], 1 - /3  ~ [0, 1], according to Definitions 
5 and 6 B* is also normal and convex. • 
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While in practice the fuzzy set A* is quite arbitrary, the condition of 
(15) cannot be satisfied in general. Nevertheless, tarting from this condi- 
tion it is possible to make an improvement to the KH method to retain the 
convexity of the reasoning consequent fuzzy set. The technique will be 
described in the next section. 
3. AN IMPROVEMENT TO THE KH INTERPOLATIVE 
REASONING METHOD 
We begin with constructing a new fuzzy set denoted A s which is near to 
and has the same midpoint of core as the antecedent fuzzy set A*. 
Choosing 
mcor{A s} = mcor{A* }, (23) 
3 = 
d(mcor{ A* }, mcor{ A1}) 
d(mcor{A2}, mcor{A1}) ' 
(24) 
A s is constructed as 
A s = /3A 2 + (1 -  /3 )A  I. (25) 
Because mcor{A 1} < mcor{A*} _< mcor{A2}, we have /3 ~ [0, 1] and 1 - /3  
[0, 1]. Since A m and A 2 are  normal and convex, and A s is a convex 
combination of A m and A 2, according to Definitions 5 and 6, A s is also 
normal and convex (see Figure 4). 
Using A s as an antecedent and reasoning by the KH method, according 
to Theorem 1, the consequent fuzzy set denoted B s will be given as 
B s =/3 °2 + (1 - f l )B  1, (26) 
and B s is also normal and convex (see Figure 4). Then we construct a new 
fuzzy rule as 
i fx i sA  s [=/3A 2+(1- f l )A  1] theny isB  s [=f lB  2+ (1 - f l )B l ] .  
(27) 
Obviously, the new rule (27) is normal and convex. 
Because A* is near to A s, it is possible to perform fuzzy reasoning with 
the new rule (27). The reasoning can be done with the following GMP 
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ANTECEDENT 
A 1 A s A* A 2 
1 
a l  a a2 
CONSEQUENT 
B 1 B s B* B 2 
1 
bl b b2 
Figure 4. The membership functions of fuzzy reasoning. 
interpretation: 
antecedent 1: x is A* 
antecedent 2: if x is A'  then y is B'  (28) 
consequence: y is B* 
It is easy to prove that the above GMP satisfies criteria 1 and 2 in Table 
1 (that is, the modus ponens). Indeed, when A* is A 1, /3 = 0 by (24); thus 
from (25) and (26) we have A' = A 1 and B s = B ~ by (24); then B* = B 1. 
And when A* is A 2,/3 = 1; thus from (25) and (26) we have A' = A 2 and 
B s=B2; then  B* =B 2. 
For criterion 3 in Table 1, what we need to do next is to find some way 
to do the fuzzy reasoning by the above GMP (28). Since the fuzzy set A' 
has been constructed to be near to A*, there may be some kind of 
similarity between A* and A ~. It is reasonable to make a supposition that 
at the consequent part, the fuzzy sets B* and B'  may keep the same 
similarity as that of A* and A ~ so that B* may retain normality and 
convexity. Based on this idea, we propose to do the fuzzy reasoning in the 
following way: 
1. Define a certain kind of similarity between two fuzzy sets. 
2. Compare A* and A'  to get their similarity, which is then transferred 
to the consequent part. 
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3. From B s reconstruct B* according to the similarity transferred from 
the antecedent part. 
We call this method the similarity transfer (ST) reasoning method. The 
detail of the ST reasoning method is described and its properties are 
analyzed in the following text. 
Firstly, we define the similarities between two fuzzy sets as follows: 
DEFINITION 7 Given two normal and convex fuzzy sets A and H on the 
universes of discourse X,  [X[ < 0% the lower similarity and the upper 
similarity between A and H are defined as 
d(inf{ A ~ }, mcor{ A}) 
SL(A, H)(a) = d(inf{H~}, mcor{H})' (29) 
d(sup{A~}, moor{A}) 
SV(A, n)( a ) = d(sup{ H a }, moor{ H} ) ' (30) 
respectively, where ~ ~ [0, 1]. 
Then the fuzzy reasoning is performed by the following rule. 
DEFINITION 8 For a given observation A*, the consequence B* is defined 
so as to satisfy the following: 
SL(A.,A~)(a) = SL(B.,Ss)(Ot), (31) 
SV(A. 'AS)( a ) = Sv(8. 'Bs)( a ), (32) 
mcor{B*} = mcor{BS}. (33) 
Combining Equations (29)-(33) gives 
inf{B* } = St.CA. ' As)( a)d(inf{B~}, mcor{BS}) + mcor{BS}, (34) 
sup{B*} = Sv(A.,As)(a)d(sup{B~},mcor{B~}) + mcor{BS}. (35) 
Thus the consequence B* can be calculated with the representation 
principle of fuzzy sets (see Figure 4), 
It can be proved that the above ST reasoning method can guarantee the 
normality and the convexity for the consequent fuzzy set in some classes of 
fuzzy rules. To investigate he properties of the ST method, it is convenient 
to discuss the case when the membership functions are continuous. So we 
represent the continuous functional form of the ST method before dis- 
cussing its properties. 
If the membership functions of the given rules A 1 ~ B 1, A 2 ~ B 2 and 
that of the observation A* are defined as continuous functions, that of the 
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consequence B* will be so. In this case, we call the membership function 
of a normal and convex fuzzy set a normal and convex membership 
function. For convenience, we denote the left side and the right side of the 
membership function of a fuzzy set A as AL(a)and  An(a)respectively, 
where ot ~ [0, 1] is the membership degree, AL(a) and An(a) are in the 
inverse function form for convenience of analyse, and obviously AL(a) = 
inf(A,) and An(a)= sup(A,). Figure 4 depicts the membership func- 
tions of fuzzy sets A ~, A a, B 1, B E, A ~, B ~, A*, and B*. The midpoints of 
their cores are a~, a a, b~, b z, a, and b, as shown in Figure 4. 
For all a ~ [0, 1], there will be 
inf(A~) =A~(a), sup(A1.) =A l (a ) ,  (36) 
inf(A~) = A~(a), sup(A~) = A2n(a), (37) 
inf(B~) = Bl(a), sup(B~) = B~(a), (38) 
inf(B. 2) = B~(a), sup(B~) = B~(a), (39) 
inf(A~) = A~(a) ,  sup(A~) = A~n(a), (40) 
inf(B~) = Bf(a), sup(B~) = B~(a), (41) 
inf(A*) =A~(a) ,  sup(A*) =A~(a) ,  (42) 
inf(B*) = Bf(a), sup(B*) = B~(a). (43) 
and by Equation (24), it follows that 
a - a 1 
/3 - - ,  /3 ~ [0, 1]. (44) 
a 2 -- a 1 
Equation (25) implies that 
inf{A~} =/3 inf{A~} + (1 -/3)inf{A~.}, (45) 
sup{A~} = /3 sup{A~} + (1 - /3)sup{A~},  (46) 
where ot E [0, 1], /3 ~ [0, 1]. Substituting with (36)-(43), the above equa- 
tions become 
A~(o~) = /3A~(a) + (1 - /3)A~(oz) ,  (47) 
A~(ot) =/3A~(ot) + (1 - /3)A~(o~),  (48) 
and similarly, (26) becomes 
B](a) =/3B~(a) + (1 - /3)B](a), (49) 
B~(a) =/3B~(a) + (1 -/3)B1(,~), (50) 
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Equation (26) also implies that 
mcor{B'} =/3 mcor{B 2} + (1 - /3 )  mcor{B1}, (51) 
that is, 
b =/3b 2 + (1 - /3 )b  a. (52) 
The similarities between A* and A and between B* and B will be 
SL(A, As)( Ol) --- SL(B,,BS)( OI) 
SV(A*,A')( a ) = Sv( , . ,n , ) (  a ) 
At (a ) -  a 
A~( ot) - a ' 
A*~ ( ot ) - a 
A~(a)  - a" 
(53) 
(54) 
According to (34) and (35), the membership function of B* will be given 
by 
[A~(a)  - a] [B~(a)  - b] 
B~(a)  = + b, (55) 
A~(a)  - a 
[A~(a)  - a] [B~(a)  - b] 
B~ (a )  = + b, (56) 
A~R ( Ot ) -- a 
where a ~ [0, 1]. 
In the case that all membership functions are defined on continuous 
functions, the above fuzzy reasoning method has the following properties: 
PROPERTY 1 I f  fUZZy rules Z 1 ~ B 1 and A 2 ~ B 2 are defined by normal 
and convex triangular membership functions, then for  any normal and 
convex observation A*,  the derived consequent fuzzy set B* by the ST  
reasoning method will also be normal and convex. 
Proof For brevity, we only look at the left side of the membership 
functions; the discussion of the right side is similar. Assume that the left 
sides of the membership functions of A 1 ~0 B 1 and A 2 =~ B 2 are defined 
as the following straight lines: 
Al (a )  = kl(Ot - 1) + al, 
A2(ot) = kE(Ot - 1) + a2, 
Bl (a )  = h l (a  - 1) + b 1, 
B2(a)  = h2(ot - 1) + b 2, 
(57) 
(58) 
(59) 
(60) 
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where a ~ [0, 1], kl, al, k2, a2, h 1, b 1, h 2, and b 2 are all nonnegative 
constants. 
The membership function of A'  can be calculated by (47), so that 
A2(a)  = /3A2(a) + (1 - /3 )A~(a)  
= /3[ke(a - 1) + aE] + (1 -/3)[kl(O~ - 1) + all 
= k , (a  - 1) + a, (61) 
where /3 ~ [0, 11 and a =/3a 2 + (1 - /3 )a  I by (44), and k, =/3k 2 + (1 - 
/3)k r Obviously, k s > O. Then from (49) it follows that 
B/~(a) = /3B2(a) + (1 - /3)B~(a) 
=/3[hz (a  - 1) + b 2 ] + (1 - /3 ) [h l (a  - 1) + b 1 ] 
= h , (a  - 1) + b, (62) 
where h, =/3h z + (1 - /3 )h  l, b =/3b 2 + (1 - /3)b I is constant, and b is 
the midpoint of the core of B s as in (52). Obviously, h, > 0. 
Combining Equations (55), (61), and (62) gives 
[B~(a)  - b l [A [ (a )  - al 
B~(a)  = + b 
A~(a)  - a 
hs , 
= ~- [AL(a)  - al + b 
= AA~(a)  - ha + b, (63) 
where A = hs /k  ~ > 0. Because A~(t~) is normal and convex, B~(a)  is also 
normal and convex. It 
The above property means that the membership function of B* has a 
shape similar to that of A*. An example is shown in Figure 5. Further, if 
the observation A* is also normal and convex triangular, the consequence 
will be normal and convex triangular. Figure 6 gives such an example 
where the given rules and antecedent fuzzy set A* are the same as in the 
example of Figure 3 and the consequent fuzzy set B* now becomes 
convex. 
PROPERTY 2 Given fuzzy rules A 1 ~ B 1 and A 2 ~ B 2 which are defined 
by normal and convex membership functions, if the fuzzy sets in the 
antecedent parts including A 1, A 2, and A* are all triangular, then the 
derived consequent fuzzy set B* by the ST  reasoning method will also be 
normal and convex. 
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ANTECEDENT 
A 1 A* 
1 
-4 0 4 6.1 
A 2 
10 12.5 14 20 24 x 
CONSEQUENT 
iF 
B 1 B* B 2 
-2  0 4 8.2 10 12.5 17.5 20 24 y 
Figure 5. Example of ST reasoning: where the results are all triangular, the shape 
of B* looks like that of A*. 
Proof  As in the discussion of Property  1, we only look at the left sides 
of the membership functions. Assume that the left sides of the member- 
ship functions of A 1, A 2, and A* are defined as the following straight 
lines: 
A[ (a )  = kl(O~ - 1) + a l ,  (64) 
A~(a)  = k2(a  - 1) + a 2, (65) 
A*(a)  = k (a  - 1) + a,  (66) 
where ot ~ [0, 1], k 1, a 1, k 2, a 2, k ,  and a are all nonnegative constants. It 
follows from (47) that the membership function of A s is the same as (61): 
A~(a)  = f lA2L(a)  + (1 -- f l )A l (a )  
= f l [k2(a  - 1) + a : ]  + (1 - /3 ) [k l (a  - 1) + a 1] 
= ks(a - 1) + a, (67) 
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ANTECEDENT 
A 1 A* A 2 
1 
--4 0 4 8 10 14 20 24 x 
CONSEQUENT 
B 1 B* B 2 
1 
-2  0 4 9.110 14 17.5 20 24 y 
Figure 6. Example of ST reasoning where the rules and A* are the same as in the 
example of Figure 3 but B* becomes convex. 
where /3 ~ [0, 1] and a =/3a  2 + (1 - /3)a 1 by (44), and k s = /3k 2 + ( ]  - 
/3)k 1. Obviously k s > 0. 
Equation (49) is quoted in the following: 
B](ot) =/3B[(ot) + (1 - /3)B~(a). 
Combining (55), (66), (67), and (68), it follows that 
[A t (a )  - a ] [B•(a)  - b] 
B~(c~) = + b 
A~(c~) - a 
(68) 
k 
= k---~ [/3BL:(a) + (1 - /3)BLI(a) - b] + b 
= 7/3BL2(a) + y(1 -- /3)B~(c~) - 3'b + b, (69) 
> 0, b =/3b  z + (1 - /3 )b  r Obviously, y/3 _> 0, y(1 - /3 )  where 3' = k/k, 
>_ 0; because BLI(a) and B2(a)  are normal and convex, B~(a)  is also 
normal and convex. • 
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This property means that the membership function of B* has a shape 
which is a linear combination of B 1 and B 2. An example of this case is 
shown in Figure 7. 
4. CONCLUSION 
In the above sections, the authors have worked out a normality and 
convexity condition for the K6czy and Hirota's interpolative reasoning 
method. Starting from this condition, an improvement approach called the 
ST method has been proposed to overcome the shortcomings that the KH 
method cannot guarantee the convexity of the reasoning consequence 
fuzzy set. Some properties of the proposed approach ave been analyzed. 
The analysis hows that if fuzzy rules are defined by normal and convex 
triangular membership functions, the consequent and fuzzy set derived by 
the ST reasoning method will have a similar shape to that of the observa- 
tion. And if the antecedent parts including A 1, A 2, and A* are all 
triangular, then the consequent fuzzy set derived by the ST reasoning 
method will have a shape which is a linear combination of the two 
membership functions of the consequence part of the fuzzy rules. In these 
A 1 
1 
-4 o 4 
ANTECEDENT 
A* A 2 
7 10 t4 20 24 x 
CONSEQUENT 
B 1 B* B 2 
1 
-4.8 0 3.1 7.8 10 13.9 17.6 20 24.8 y 
Figure 7. Example of ST reasoning: where all the fuzzy sets in the antecedent part 
are triangular, the shape of B* is a linear combination of those of B x and B 2. 
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cases, the normality and convexity of the consequent fuzzy set can be 
guaranteed as long as the rules and the observation are normal and 
convex. The properties revealed are very useful in the fuzzy reasoning 
practice of fuzzy control and expert systems, in which triangular member- 
ship functions are often employed to simplify the calculation. 
What is most important is that a new rule (27) has been generated from 
the given rules in the sparse rule base. Using this new rule, one can define 
any other reasoning method. The ST method is based on the supposition 
that there is a common similarity in the antecedent and consequent parts. 
It has also been shown that the proposed method maintains the logical 
interpretation of modus ponens. 
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